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Abstract 

I The fundamental gap conjceture asserts that the spectral gap of the Schrodinger operator 

■ —A + V with Dirichlet boundary condition on the bounded convex domain C M" is greater 
, than ^2", provided that the potential y : ll M is convex. Here D > is the diameter 

■ of n. Using analytic methods, Andrews and Clutterbuck proved recently a more general 
, spectral gap comparison result which implies the conjecture. In this work we shall give a 

p ^ ' simple probabilistic proof via the coupling by reflection of the diffusion processes. 

-3 ■ 

d ' 1 Introduction 

'—'I Let C M" be a bounded strictly convex domain with smooth boundary oO,, and 1/ : — )• M 

■ a potential function. Consider the Schrodinger operator L = —A + VonQ with Dirichlet 
J> . boundary condition, where A is the standard Laplacian operator on R". The operator L has 

I an increasing sequence of eigenvalues Aq < Ai < A2 < • • • , corresponding to the eigenfunctions 

' {4'i)i>o which vanish on the boundary d^. The eigenfunction c^o > and eigenvalue Aq are also 

CN ■ called the ground state and ground state energy, respectively. 

Cf^ \ Many authors have conjectured (see [13, 2, 17]) that if V is convex, then the spectral gap of 

\ the Schrodinger operator L = —A + 1/ is no less than i.e. 

■ 37r2 

>: Ai-Ao>-^, (1.1) 

■ where D = diam(r2) is the diameter of VL. This conjecture was recently completely solved by 
Andrews and Clutterbuck in the paper [1] (see [1, Section 1] for a systematic account of the 
progress in various special cases). In their proof, they introduced the notion of modulus of 
convexity of the potential V . More precisely, a function V G ^^([0, D/2]) is called a modulus of 
convexity of y G C'^{^) if for all x,y £ Q, x ^ y, one has 

{VV{X) - VV{y), ^) > 2y'(^) , (1.2) 

where ( ,) and | • | are respectively the inner product and Euclidean norm of M". Intuitively, we 
may say that V is "more convex" than V. If the sign is reversed, then V is called the modulus 



*Partly supported by the Key Laboratory ofRCSDS, CAS (2008DP173182), NSFC (11021161) and 973 Project 
(2011CB808000). 

tEmail: luodj@amss.ac.cn. Partly supported by the Key Laboratory of RCSDS, CAS (2008DP173182), NSFC 
(11101407) and AMSS (Y129161ZZ1). 

AMS 2010 subject classifications. Primary 35P15; secondary 60H10. 

Key words and phrases. Schrodinger operator, spectral gap, ground state, coupling by reflection 



1 



of concavity for V. We extend V to be an even function on [—D/2, D/2] and consider the 
one dimensional Schrodinger operator L = —-^ + V on the symmetric interval [—D/2,D/2], 
satisfying the Dirichlet boundary condition. Let (po be the ground state of L. Under the condition 
(1.2), Andrews and Clutterbuck proved in [1, Theorem 1.5] that log is a modulus of concavity 
of log (pQ-. for all x,y £ Q, X ^ y, 

(viog0o(x)-Vlog<Ao(y),^^) <2(log0o)'(^y^). (1.3) 

The sharp estimate (1.3) enables Andrews and Clutterbuck to prove the gap conjecture (1.1), 
see [1, Proposition 3.2 and Corollary 1.4] for more details. 

Our purpose in the present work is to find a probabilistic proof to the fundamental gap 
conjecture. The idea of estimating the spectral gap using probabilistic methods (in particular, 
the coupling method) was developed by Professors M.-F. Chen and F.-Y. Wang in the 1990s, 
see for instance [6, 7] and Chapters 2 and 3 in the monograph [4]. Professor Hsu gave a short 
introduction of this method in [9, Section 6.7]. In the first version [8], we were able to give 
probabilistic proofs to the two main results [1, Theorems 2.1 and 4.1] of Andrews and Clutter- 
buck's work, except [1, Corollary 4.4] in which they presented a rather technical construction of 
a sequence {tpk)k>i of approximating modulus of log-concavity, satisfying the conditions of [1, 
Theorem 4.1]. Since the idea and structure of [8] are quite close to Andrews and Clutterbuck's 
paper [1], we want to find an alternative proof to the gap conjecture (1.1) which is more inde- 
pendent. Unfortunately, we are currently unable to prove the general result that the modulus 
of convexity (1.2) implies the modulus of log-concavity (1.3) of the ground state. Therefore we 
restrict ourselves to the special case where V is convex, i.e., V = in (1.2), and show that (see 
also [12, (1.1)]) 

(Vlog(^o(a;)- Vlog,/.o(j/),^— ^) < -^tan(^ 2D J ' ^^'^^^'^^2/- (l-^) 

Note that ^(logcos^) = -^tan^ and M*) = cos ^ [t G [-D/2,D/2]) is the first Dirichlet 
eigenfunction of on the interval [—L'/2, L'/2]. Therefore (1.4) is a special case of (1.3). With 
(1.4) in hand, it is quite easy to deduce the gap conjecture (1.1) through probabilistic arguments. 
We also mention that the estimate (1.4) improves [3, Theorem 6.1], in which Brascamp and Lieb 
proved that if V is convex, then cpQ is log-concave. 

This paper is organized as follows: in Section 2 we prove that (1.4) holds provided the 
potential 1/ : O — )■ M is convex (see Theorem 2.5), then we show in Section 3 that the fundamental 
gap conjecture follows from (1.4). 

2 Modulus of log-concavity of the ground state 

In this section we intend to prove that if V is convex, then the ground state satisfies (1.4) . First 
we introduce some notations. As in Section 1, 17 is a bounded strictly convex domain in with 
smooth boundary dO,. Denote by pqq : Q — R+ the distance function to the boundary dQ, and 
N the unit inward normal vector field on d^l. For r > 0, define = {x € ft : PdQ,{x) < r}. By 
[14, Corollary 2.3], there exists ro > such that pan is smooth on dr^^. Then for any x G dr^^VL, 
there exists a unique x' G 50 such that Pdn{x) = \x — x'\ and VpgQ{x) = N{x'). In particular, 
Vp9n = iV on the boundary d^l. 

Given a smooth vector field 6 : — t- and a standard Brownian motion {Bt)t>o on M"; we 
consider the SDE 

dXt = V2dBt + b{Xt)dt, Xo = xen. (2.1) 
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Lemma 2.1. Assume that the vector field b satisfies 

liminf Pan{x){b{x),VpQn{x)) > 1. (2.2) 

Then for any x £ Q, almost surely, Xf £ for all t > 0. 

Proof. Choose $ G C°°(il,M+) such that '^la^^n = Pdnldrg^^- Then there is ci > such that 

A^{x) > -ci for ah x £ Q. (2.3) 

By the Ito formula, 

d^Xt) = V2 {V^Xt),dBt) + (V$(Xt), b{Xt)) dt + A^Xt) dt. 

It is enough to study the behavior of Xt near the boundary dO.. When Xf G dr^i^, by (2.3), we 
have (cf. [15, (2.2)]) 

dpaniXt) >V2dWt + {Vpdn{Xt),b{Xt)) dt - ci dt, 

where Wt is a one-dimensional Brownian motion. By (2.2), we can find ri G (0,ro] such that for 
all X £ dr^^l, 

{Vpdn{x),b{x)) -ci > --. 

Pdni.x) 

Thus, if Xt G drj^^, we have 

dpaniXt) >V2dWt + ^-TTT dt. 

Pdn{Xt) 

Now we can apply [10, Chap. VI, Theorem 3.1] to conclude that, almost surely, pdn{Xt) > 
for all t > 0. □ 

Next we collect some properties of the ground state (pQ. Indeed, these properties hold for all 
C^-functions f : 0. ^ R4, satisfying f\fi > 0, and for every x G dCl, f{x) = while Vf{x) 7^ 0. 

Proposition 2.2. The ground state (po verifies 

(1) there exists < Oq < 9i < +00 such that for all x G dQ,, 9q < \V(po{x)\ < 9i; 

(2) for every x G 50, V(j)o{x) = \S/(j)o{x)\N{x); 

(3) limpg^^^)^oPQQ{x){Vlog(j)o{x),VpaQ{x)) = I; 

(4) there exists 5i > and Ci > 0, such that for any x G ds^^, V'^ log(j)o{x) < —Ci/ pqq{x), 
where log (po is the Hessian matrix of log (po . 

Proof. The assertions (1) and (2) are well known, and (3) is an easy consequence of (2) and the 
mean value theorem. Here we give the proof of the last assertion which is a slight modification 
of [1, Lemma 4.2]. 

We take K G M such that |(V^(/)o(x) y,y)\ < K\y\'^ for all x G O and y G M". For xq G dO, 
and z tangent to d^l, it holds 

{V^Mxo)z,z) = -Mz,z){V(Po{xo),N{xo)) = -l{z, z)\VMxo)\ 

by assertion (2), where II is the second fundamental form of di} at xq. The strict convexity of 
(90 implies II(z, z) > k\z\'^ for some k > independent of xq G 50. The vector field E = |^^° 
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is smooth near xq, so are the projection vr"*" : y — t- {y,E)E and the orthogonal projection 
vr = Id — vr-*-. Thus we have (V^(/)o(a^o) ^ry, vry) < — 6'oK|7ryp. Therefore, there is ro > 
depending on xq, 9q and k such that for all a; G 17 n (a^o); it holds 



x) Try, Try) < l^ryp for all y G M"; 
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-|V</.o(xo)| < |V0o(x)| < 2|V0o(a^o)|. 



(2.4) 
(2.5) 



Since d^l is compact, we can find a finite number of balls {Br^{xi) : xi G dVL,ri > 0}i<j<„o 
which have the above properties and cover 90. Then there exists f > such that C 
U"=i [17 n (a^j)] • Now for any x G dfil, there is i G {!,••• ,?^o} such that x G 17 n i?r..(xj). 
Hence for any y G M", we have by (2.4) that 

(V^(/)o(x) 2/, 2/) = (V^<?;>o(x)(7ry + vr^y), vry + -K^y) 

&Q Kj. |Q I iili ill"? 

< — ^l^ryl + 2K\TTy\ ■ \7r y\ + K\7r y\ 



4K' 



F y\ 



The definition of vr and the first inequality in (2.5) lead to 



(V</.o(x),2/)2 = |V(Ao(x)|V^y|' > 



^o|V<^o(xi)| 



Moreover by (3), there is f > such that for all x G df^, one has 4>o{x) < 2| V(^o(x)|/Oen(x). 
In view of the second inequality in (2.5), we get (j)o{x) < 4| V(^o(xi)|P9r2(x) if Pdn{x) < r A r. 
Combining the above estimates, we get 



(V^ log 0o(x)2/,y) 



1 



< 



1 

<Ao(x) 



(V2(/.o(x)y,y) 



(V(/)o(x),y)' 



— Ivryl + ( K + 



00 (x) 
4ii:2 



F 2/1 



16pan(x) 



If Pdnix) < 5i := r A f A 



(V2log(/)o(x)y,y> < 



<Ao(x) 



6*0^, 



Therefore the desired result holds with Ci 



4 ' 
ok/1601. 



< 



166'ipan(x) 



□ 



Now we start to give a probabilistic proof to the log-concavity estimate (1.4) of the ground 
state (po when V is convex. It is clear that log (j)o satisfies the equation 

A log (/.o + I V log (/-op = 1^ - Ao. 

Differentiating this equation leads to 

A(Vlog(/>o) + 2(Vlog,/.o,V(Vlog0o)) = Vy, (2.6) 

or equivalently, in component form, 

A{d, log (Po) + 2(V log (Po, V(a, log 0o)) = diV, 1 < i < n. 
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The equation (2.6) suggests us to consider the following SDE 

dXt = V2dBt + 2V log M^t) dt, Xq = x £ n. (2.7) 

By Proposition 2.2(3), we see that the vector field 2Vlog(/)o satisfies the condition of Lemma 
2.1. Hence, starting from a point x £ Q, the solution Xt will not arrive at the boundary dQ. 
Next we consider the coupling by reflection of the process {Xt)t>o which was first introduced by 
Lindvall and Rogers in [11], and further studies can be found in [5]. Define 

M(x,y) = /„-2^^^^1^^^, x,yeM.";x^y, 
\x — y\'^ 

where In is the unit matrix of order n and {x — y)* is the transpose of the column vector 
x — y. The matrix M{x, y) corresponds to the reflection mapping with respect to the hyperplane 
perpendicular to the vector x — y. Fix some y £ 0,, y ^ x, and consider the SDE 

dYt = V2M{Xt, Yt) dBt + 2V log MYt) dt, Yq = y e n. (2.8) 

Define the stopping times 

T,^ = mi{t > : \Xt - Yt\ = T]} and as = mf{t > : pon{Xt) ^ Pdn{Yt) = 5} 

for small r],6 > 0. As r] decreases to 0, tends to the coupling time r = inf{t > : Xt = Yt}; 
we shall set Yt = Xt for t > t. Then the process {Yt)t>o is called the coupling by reflection of 
{Xt)t>o- The stopping time as is the first time that Xt or Yt reach the area ds^- As the function 
log<j)o is smooth with bounded derivatives on ds^ for any fixed 5 > 0, we conclude that, almost 
surely, as < oo. Since the two processes {Xt)t>o and {Yt)t>o do not arrive at the boundary d^l, 
it holds as 'I oo almost surely as 5 J, 0. 
Now we define some processes: 

at := V log MXt)-V log MYt), A := ^* ~ 



\Xt - Yt\ 



and Ft := {at,Pt)- We mention that the process Ft always makes sense, even after the coupling 
time r. Indeed, Ft = almost surely for t > t. Furthermore, 

Fo = (Vlog(/>o(x)- Vlog(^o(y). ^"^ 



\x - y\ 

We deduce from (2.7) and (2.8) that for t < A a^, 

diXt-Yt) = 2V2pt/3:dBt + 2atdt, Xo-Yo = x-y^O. (2.9) 
Lemma 2.3. Assume that the potential V : 0, is convex. We have for t < t^j A as, 

dFt>{(3t,dMt), (2.10) 

where ^ 

Mt = V2 [ [(V2log(/.o)(X,) - {VHog<j)o){Ys)M{Xs,Ys)] dB^. 
Jo 
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Proof. To compute the Ito differential of F^, we shall apply the Ito formula to V log (j)Q{Xt). We 
have 

d[V log MXt)] = V2 (V2 log cPo){Xt) dBt + [2(V log c^o, log </>o) + A(V log M] {Xt) dt 
= V2(V2 \og(t)o){Xt)m + yV{Xt)dt, 

where the last equality is due to (2.6). In the same way, for t < t^j A as, 

d[Vlog(^o(>^t)] = V2{VHogcl)o)iYt)M{Xt,Yt)dBt + VViYt)dt. 

Now we obtain 

dat = dMt + {VV{Xt)-VV{Yt))dt, t<T^Aas, (2.11) 

where Mt is a vector- valued square integrable martingale before the stopping time A cr^ . 
It remains to compute d/3t. For t < A as, the Ito formula yields 

d/3f = \Xt - Yt\-^d{Xt - Yt) + {Xt - Yt) d{\Xt - Yt\-^) 

+ d{Xt-Yt)-d{\Xt-Yt\-^). (2.12) 

By (2.9), we have 

d\Xt-Yt\ = {f3t, 2^/2 A/5; dBt) + 2{l3t,at) dt = 2^2 {^tABt) + 2Ft dt, (2.13) 
where the last equality follows from \(3t \ = 1- Again by the Ito formula, 

n d\Xt-Yt\ d\Xt-Yt\-d\Xt-Yt\ 

2V2{^t,dBt) 2{pt,at) , 8 

- \Xt-Yt\^ |x,-y,|2^*+|x,-y,|3''*- 

Combining this identity with (2.9), we get 

d{Xt - Yt) . d{\Xt - Ytn = - dt. 
Substituting these computations into (2.12), we arrive at 

dA = — (at - (A,at)A)dt, t<Tr,Aas. (2.14) 

— yt\ 

Notice that (3t has no martingale part. 

Now by the definition of Ft and (2.11), (2.14), we have for t < A as, 

dFt = (/3i, dat) + {at, dft) + (dot, dft) 

= {fit,dMt) + {VV{Xt) - VV{Yt),f3t) dt + 2hl^_i^Jl^ dt. 

\^t — it\ 

Noticing that the last term is nonnegative and V is convex, we complete the proof. □ 

Let (j)D,o{z) = cos^, z G [—D/2,D/2] be the first Dirichlet eigenfunction of the operator 
— ■^ on the interval [—D/2, D/2]. Here and below we write (f>D,Q instead of 0o to stress the 
dependence on the length of the interval [—D/2, D/2]. For simplification of notations, set 
iPd{z) = {logcpDflY {z) = — -^tan^ which is well defined on {—D/2, D/2). Note that ip£) makes 
no sense at z = ±D/2, thus we first take Di > D and consider (j)Di,o and ipDi- Then ipOi is 
smooth on [0,-0/2] with bounded derivatives and it satisfies 

^P'l,^+2^Pn,^P'D,=0- (2.15) 
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Lemma 2.4. Set = \Xt - We have for t < t^i A as, 

dVDi(6) = V2^l^'D,{^tm,dBt) +i^'nA^t)[Ft - 2^^1)1 fe)] dt. 
Proof. By (2.13), satisfies 

dCt = V2{f3t,dBt) + Ftdt, Co = \x-y\/2>0. (2.16) 
When t < Trj A ag, hy (2.16) and the ltd formula, 

di^D, (6) = V'Di (6) [V2 {PudBt) + Ft dt] + ^'i,^ (6) dt 

= V2i^'o,{itWtABt) +^'DAit)[Ft - 2Vz)i(^i)] dt, 
where the second equahty follows from (2.15). □ 
Now we are ready to prove 

Theorem 2.5 (Modulus of log-concavity). Assume that the potential function y : $7 — )• M is 
convex. Then for all x,y £ with x ^ y, it holds 

(v log Mx) -V log My), ^^^) < (2-17) 

Proof. Fix r/ > 0, (5 > small enough and Di > D. Combining Lemmas 2.3 and 2.4, we get for 
t<Tr^A as, 

d[Ft - 2^DACt)] > dMt - 2^'D,{Ct)[Ft - 2V'Di(6)] dt, (2.18) 

in which dMt = {(3t,dMt) — 2-v/2 (6)(Ai di?f) is the martingale part. The above stochastic 
differential inequality is the key ingredient to the proof. 
The inequality (2.18) is equivalent to 

d(^[Ft-2^PDA^t)W'^^''''^^'^''') > e^^^^'^r^^'^'^'dUf 
Integrating from to t A A ci^ leads to 

[TP 'M U M /o^""^"' 2^D (6)d5 

[FtAr^Aai, " 2V'Di (CtAr^Aaa )J °l 

i-tATnAcrg 
^0 

Taking expectation on both sides, we obtain 

Fo - 2lPnAC0) < K{[FtAr,A.s - 2^PDACtAr,Aas)W^^^'^^'^^'^-^^'^'''). 



Since ^'^^z) = -^sec'^{^) is negative for z £ [0,D/2], the term e-'o ^'pD,(i')^-'^ < i foj. 
all t > 0. Note that is a bounded function on [0,D/2], and by Proposition 2.2(4), there 
exists Ki < +00 such that V^log^o < Ki, which implies, almost surely, FtArr^Aa-g 

< KiD for 

all t > 0. Therefore by the Lebesgue-Fatou Lemma (cf. [18, p. 17]), taking the upper limit as 
t — )■ +00 yields 

i^o-2M(eo) <e([F,^a., -2VD,(er,A<xJ]e^°'''"'"^^i(«^)''^). (2.19) 
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Remark 2.6. Recall that Brascamb and Lieb proved in [3, Theorem 6.1] that if the bounded 
domain and the potential y : — >• M are convex, then the ground state (pQ is log-concave. 
Using this result, we can give a short proof to (2.17). Indeed, by the definition of the process 
Ft, the log-concavity of (po implies that the random variables -Ft^act^ < almost surely. Hence 



Furthermore, we deduce from [11, Example 5] and the log-concavity of <j)Q that the coupling 
process {Xt,Yt)t>o is successful, that is, r < +oo almost surely. Note also that ipOi is bounded 
on the interval [0,D/2] and ipoii^) = 0. By the dominated convergence theorem, letting rj and 
6 decrease to leads to 

Fo - 2VDi(eo) < -2EfvDi(Cr)e^°^''^^i^^^^''') = 0. 



Thus we obtain (2.17) with D being replaced by Di. Letting Di — t- D completes the proof. In 
the following, however, we would like to give another proof without using Brascamb and Lieb's 
log-concavity estimate. This proof may be extended to more general cases where (1.2) is verified, 
provided that one can prove the integrability of the random variables e^° ■/'d^v^s; ^ r],5 > 0. 

Next we show that for any e > 0, the right hand side of (2.19) is less than e when rj and 
5 are sufficiently small. To this end we need the following two estimates on the ground state 
(po: the first one concerns the near diagonal behavior of Vlog^^o while the second one is the 
asymptotics of Vlog(/>o near the boundary dO,. 

Lemma 2.7. For any e > 0, there is r]i > such that for all x,y G 0, with \x — y\ < rji, it holds 

Vlog(/>o(x) - Vlog0o(y),^^) <e. 

\x — y\' 

Proof. Recall Proposition 2.2(4) for the choice of 6i > 0. We take sufficiently small 62 G (0,(^i], 
such that for any xo,xi G 852^ with \xo — xi\ < 62/2, the line segment = (1 — s)xo + sxi 
joining xq to xi lies in S^jil. Now choose any x,y £ Q with |x — y| < S2/2. We analyze two 
cases: 

(i) If both X and y belong to ds^^, then by Proposition 2.2(4), we have 

x-y 



V log 00 (x) - V log 00 (y) , 



y\ 



= / ([V^log(l)o{{l-s)y + sx)]{x-y),^^)ds<0. 
Jo ^ \x — y\' 

(ii) If one of the two points, say x £ fl\ ds2^, then 

Pdn{y) > Pdn{x) -\x -y\> 62- 62/2 = 62/2. 

Therefore both x and y belong to \ 9^2/2^- Note that the function log0o is smooth on 
the domain U\ds^/2^ with bounded derivatives of all orders. Hence we can find rji < 62/2 
such that if |x — y| < r/i, it holds 



Vlog0o(x) - Vlog0o(y), I -7) <£• 

\ \x — y\/ 

The proof is complete. □ 
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The next result is weaker than [16, Lemma 2.8], but it is sufficient for our purpose. 

Lemma 2.8. Let rji > be given as in Lemma 2.7. There is 5^ > small enough such that if 
d < 63 and X £ dsO,, y £ 0, with \x — y\ > rji, it holds 

r 

Vlog0o(x)-Vlog(Ao(y),^^) < -Cslog^ + Ca 

\x — y\/ 

for some constants 02,0^ > 0. 

Proof. The following argument is a slight modification of [16, Lemma 2.8]. By the strict con- 
vexity of 0, we choose ^3 <^ rji so that if x,y £ with |x — y| > r]i, then the line segment i 
linking x and y intersects ft \ dg^i}. Let 6 < 63 and x G dsft, y £ ft with |x — i/| > r/i. Let 
i{s) = X — s{x — y)/\x — y\ be the line segment joining x to y, parameterized by arc length. 
Divide £{s) into disjoint curves: ii lying in ds^^ and £2 lying in \ ds.^^l. Then 



\x - y\ 

'\x-y\ 



\^-y\ 

s=0 



(v log 00 (x) - V log ct>o (y) , ) = ( V log 00 (^(5) ) , / (s) 

\ \x — v\ ' 

'[VHog<t>omW'{s)J'is))ds 





=:/i+/2, 

where = f,^ ([V^ log 0o Ws))]f (s), f (s)> ds, j = 1,2. 

From Proposition 2.2(4), we know that there is Ki > such that log 0o < Ki. Therefore 

l2= [ {[V^logM^{sW{s),e'{s))ds<K^\x-y\<KiD. (2.20) 

Next we estimate Ii. Remark that if Pdn{y) < S3, then ii consists of two disjoint line segments 
separated by £2- However, since V^0o is negative in ds^^, we only need to consider the line 
segment having x as one of the end point. There is a unique integer k £ Z+ satisfying e'^S < 
S3 < e^~^^5. Let Sj be the first s such that Pdn{£{s)) = e^S, j = 0, 1, • • • , fc, and s the first s 
satisfying Pdn{^{s)) = S3. The strict convexity of $7 implies that s — )■ Pdni^s)) is increasing for 
s £ [0,s], and it is clear that 

Sj+i-Sj>e^+^S-e^S = {e-l)e^S, < j < k - 1. (2.21) 

Denote by i[s,t] the line segment between £(s) and l{t) for < s < t < \x — y\. Then 

Ii = / {[VHogM^isW'is),l'is))ds 

<(f +1 )([V^log</>o(^(^))]^'(^),^'(^))d. 

k-1 .. 

<E / {[V''\og4>om)]l'{s),£'{s))ds, 
where both inequalities follow from log 00 < on ds.^Q. By Proposition 2.2(4), we have 

h<y f -Ci 
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Noting that by (2.21), 



/ 



'i[s,,sj+i] panics)) pan{i{sj+i)) Je[s„s,+^] e^+iJ 
hence 

/i < -C, g ^ = -C,'-^k < -C,^ ( log I - l) , (2.22) 
j=o ^ ^ ^ ^ ^ 

where the last inequality is due to the choice of the integer k. Combining (2.20) and (2.22), we 
finish the proof with C2 = Ci{e - l)/e and C3 = C2 + KiD. □ 

Now we continue the proof of Theorem 2.5. Fix e > 0. In Lemmas 2.7 and 2.8, we choose rji 
smaller (thus 5^ should also be chosen again) so that for all z S [0,771], it holds —2ipDi{z/2) < e, 
which is possible since V^Di is uniformly continuous on [0, D/2] and tpD^i^) = 0. Moreover, there 
exists (54 < 53 such that -2ipDi {z) < C2 log ^ - C3 for all z G [0,D/2]. We have by (2.19), 

Fo - 2i^D, (Co) < E ( [Fr,, A.,, - 2Vd, (er,, A<x,, ) ] 6^^"" ''^^l ^^^^ '^^) . (2.23) 
On the event {r,yj < c^^}, we have by Lemma 2.7 and the choice of r/i that 

while on the event {as^ < ^rji}, 

hence Lemma 2.8 implies 

Therefore (2.23) gives us Fq — 2^£)j(,^o) < 2e. As e > is arbitrary, we get Fq < 2^£)j(^o)) that 
is to say, 

— y\ 27r / vrlx — yl 
Vlog0o(x) - Vlog(^o(y), 1 r ) < -Trtan 



\x-y\/ - Di V 2Z)i 
Letting Di decrease to D completes the proof. □ 



3 Proof of the gap conjecture 

In this section we present a probabilistic proof of the fundamental gap conjecture (1.1), based 
on the log-concavity estimate (1.4) of the ground state We shall make use of the following 
well-known result (see [1, Proposition 3.1] for a proof). 

Lemma 3.1. Let ui be any smooth solution of 

dii 

— = An — Vu on M+ x il; , , 

dt ^ (3.1) 

n = on M_|. x dVl, 

and uq the solution of (3.1) with initial data (po, where (po is the ground state of the Schrddinger 
operator L = — A + V. Set v = Then v is smooth on M+ x Q, and satisfies the heat equation 

dv 

— = Av + 2{Vct)o,Vv) onR+xQ. (3.2) 
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Recall the processes (Xt)j>o and (5^t)t>o defined in Section 2. We still denote by 
\Xt - Yt\/2 which satisfies (2.16). 



Proposition 3.2. We have for all t > 0, 

Esin j — ^^P 



3ft 

'W 



sm 



■K\x — y\ 
2D 



Proof. By the Ito formula, we have for t < Trj A ag, 



^ (^) = ^ (^) - 2^ (^) • 

Note that < < -D/2 almost surely for all t > 0, hence cos (^) > 0. The equation (2.16) 
and the log-concavity estimate (1.4) lead to 

d^t < V2{Pt,dBt) - ^tan (^)dt. 



Therefore 

dsin 



— < cos 

D-D 



D 



27]- 

^/2(A,dSt) - ^tan 



D 



dt 



D^ 



sm 



dt 



V2jc„s(f)(A.dB,)-:?J.„(f)dt 



To simplify the notations, we denote by Mt the martingale part on the right hand side. Then 
we obtain for t < A as that 



exp 



sm 



D 



< exp 



Z)2 J 



dM.. 



Integrating both sides from to t A A o"^ and taking expectation yield 



E 



exp 



37r2(t Ar^ A(T5)\ . / <tAr^ 



D^ 



sm 



D 



< sin 



7r|x — y\ 
2D 



Letting 5 and rj tend to gives us 

'37r2(t Ar) 



E 



exp 



2^2 



sm 



< sin 



t:\x — y\ 
2D 



Recall that = almost surely for t > t; thus we have 



E 



exp 



37r2(t At) 

^2 



sm 



D 



E 



exp 



sm 



which leads to the desired result. 
Now we are ready to prove 



□ 



Theorem 3.3 (Fundamental gap conjecture). // the potential function V : Q ^ M of the 
Schrddinger operator —A + V is convex, then we have Ai — Aq > ^r- 
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Proof. Applying Lemma 3.1 with ui{t,x) = e ^''-^ipi^x), {t,x) G x Jl, we see that v = 
g-(Ai-Ao)t|i is a smooth solution to (3.2). Set vq = ^ e C^(0) n C°°(0) for simplification of 
notations. The solution v has the probabilistic representation: 

v{t,x) =Evo{Xt) and v{t,y) = Evo{Yt), 

where Xt and Yt solve (2.7) and (2.8) respectively. Since the function vq is Lipschitz continuous 
on Q with a constant K > 0, we get 

\v{t,x)-v{t,y)\ <E\vo{Xt)-vo(Yt)\ < KE\Xt - Yt\ = 2KECt. 

Next it is easy to show that sin(7rz/D) > 2z/D for z G [0,15/2], hence 

/ 7]"^j \ Z' Stt^Z-X Z' ttIx u\ 

\v{t, x) - v{t, y)\ < KDEsinl ^] <KDexp{ -—^] sin' ' ^' 



where the last inequality follows from Proposition 3.2. Substituting the expression of v into the 
above inequality leads to 

e-(^-^o)*|^o(x) - voiy)\ < KDexp ( - ^] sin ^""'"^ " ^' 



Z)2 ; V 2L> , 

for all x,y €z Q and t > 0. Since f o = ^ is not constant, we conclude that Ai — Aq > D 
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